In this work, the solution space in Newman-Penrose formalism with a cosmological constant is derived. The residual gauge transformation preserving the solution space is also worked out. By turning off the cosmological constant, the solution space has a well-defined flat limit. The asymptotic symmetry group of the resulting solution space consists of Diff(S 2 ) transformations and supertranslations.
Introduction
Up until 1960's, the existence of gravitational waves was still debatable. It was not clear if the radiation was just an artifact of linearization. To understand the gravitational radiations in full Einstein theory, Bondi, van der Burg, and Metzner established an elegant framework of expansions for axi-symmetric isolated systems [1] . In a suitable coordinates system, the metric fields are expanded in inverse powers of a radius coordinate 1 . Then one can solve the equations of motion order by order respect to proper boundary conditions that asymptotically approaching flatness. In this framework: the radiation is characterized by a single function of two variables, the so-called news functions; the mass of a system always decreases when there is news. In the same year, Sachs extended this framework to asymptotically flat space-times [3] . Meanwhile, Newman and Penrose developed a new method to understand gravitational radiations by means of a tetrad or spinor formalism [4] . The peeling property of the Weyl tensors and the geometric meaning of certain gauge choice become transparent in Newman-Penrose (NP) formalism. and are normalized as following l · n = 1, m ·m = −1.
(2)
The space-times metric is obtained from
The connection coefficients are now called spin coefficients labeled by several Greek symbols (we will follow the convention of [37] )
Ten independent components of the Weyl tensors are represented by five complex scalars
Ricci tensors are defined in terms of four real and three complex scalars
where Λ is the cosmological constant. In NP formalism, by local Lorentz transformations, it is always possible to impose
According to (64) in Appendix B, such gauge choice means that l is tangent to a null geodesic with affine parameter. Moreover, the congruence of the null geodesic is hypersurface orthogonal, namely l is proportional to the gradient of a scalar field. It is of convenience to choose this scalar field as coordinate u = x 1 and take the affine parameter as coordinate r = x 2 . Then, to satisfy the orthogonality conditions and normalization conditions, the tetrad and the co-tetrad must have the following forms
Considered as directional derivatives, the basis vectors are designated by special symbols:
The full vacuum Newman-Penrose equations with a cosmological constant are listed in Appendix A.
Solution space
The main condition that all components of the Weyl tensor (Ψs) approach zero at infinity is Ψ 0 = Ψ 0 0 r 5 + o(r −5 ). We will take a slightly stronger condition that Ψ 0 =
to apply a 1 r series expansion. Newman and Unti [36] derived the most general asymptotically flat solutions of NP equations 3 . The appearance of cosmological constant has significant consequence to the solution space. In [15] , the NP equations are solved in (θ, φ) coordinates and a third class of tetrad rotation is involved to set γ 0 = 0. However (z,z) coordinates are more convenient for our perpose and γ 0 = 0 condition seems to eliminate possible situation that represents gravitational radiations, for instance the Robinson-Trautman solutions with a cosmological constant will not be in its simplest form.
We start to solve the NP equations with the radial equations. The cosmological constant will just modify the asymptotic behaviors of the spin coefficients as
However the constraints from hypersurface equations on the integration constants of the radial equations are much stronger than the flat case. With a cosmological constant,
the news function σ 0 and γ 0 are completely determined by (58) as
where Q(u, z,z) and P (u, z,z) are the integration constants in L z and Lz. P and Q are the only variables whose time evolutions are not determined. Effectively, they are the news functions that represent radiations in this system. This is in good consistency with that of [7, 15] .
Before showing the full solutions, it is very useful to introduce the "ð" operator defined by
where L A 0 is the integration constant in L A and s is the spin weight of the field η. The spin weights of relevant fields are listed below in Table 1 . 
The full solutions of NP equations with a cosmological constant in asymptotic expansions are given by:
and the time evolutions of Weyl tensors
as well as the identities
The commutator of ð operators is 4
The well-known Robinson-Trautman solutions with a cosmological constant in NP formalism is given by
where P is a real function of (u, z,z) and µ 0 = −P 2 ∂∂ ln P . The time evolution of the conformal factor is controlled by
Residual gauge transformation
The residual gauge transformation preserving the forms of the NU solution space [36] was derived by Barnich and Troessaert [38] recently. With a cosmological constant, the process of deriving the residual gauge transformation is exactly the same, but the 4 One should use the identity ðL A 0 = ðL A 0 . The commutator of ð and ∂ ∂u involves Λ, one can work out directly from the second equation of (12) . residual gauge transformation is very different. A gauge transformation of first order formalism of Einstein gravity is a combination of a change of coordinates and a local Lorentz transformation. In NP formalism, the local Lorentz transformation is described in the standard three classes of rotation [37] . A combined rotation II • I • III of the tetrad basis is given by 5
The change of coordinates is in the form
The gauge condition
Hence
∂r
which is (6.41) in [38] . This will fix the unprimed coordinates up to 4 integration constants of r ′ . To implement the gauge condition κ = π = ǫ = 0, one has to go back to the original definition in (4). The transformed spin coefficients are
Applying the relation in Appendix B, the gauge condition κ ′ = π ′ = ǫ ′ = 0 eventually leads tõ
whereD =l µ ∂ µ . In the primed coordinatesD ′ = ∂ ∂r ′ because of the gauge condition on l. Thus (21) is precisely (6.44) in [38] . In the flat case, the following asymptotic behavior is assumed:
The three classes of rotation will be fixed up to 6 integration constants of r ′ . However, the appearance of cosmological constant will involve logarithms of r in the third equation of (21), because γ = −Λr + O(r 0 ). Then logarithmic terms will show up in the transformed solution space which violates our assumption that the solution is given in 1 r expansion. We consider that such transformation breaks our phase space and should be ruled out 6 . Therefore, we have to set B = O(r −2 ). When using the first equation of (21), B = 0. Consequently, all the subleadings of A, E, u, r and x A are zero. This gives
To proceed, we check the asymptotic behavior of the transformed tetrad. From n ′ , we get
This implies
We continue to check m ′
This leads to
The condition that the terms of 1 r ′2 in ρ ′ is absent yields r 0 = 0. Since we did not require the boundary 2 metric to be conformally flat, there is no more constraint on Y andȲ . The full residual gauge transformation is a Diff(S 2 ) and a third class of rotation m ′ = e iE I 0 m. All the residual transformations are performed on the boundary 2 surface. The action on the boundary 2 surface is very simple
Flat limit
A flat limit of the solution space in section 3 can be taken directly by setting Λ = 0. However, from (9), P and Q will have the following constraint
This leads to Q = PQ andQ is a function of (z,z). Newman and Unti [36] have set the boundary 2 metric to be conformally flat, namely Q = 0. Now we have shown that, by removing the condition on the boundary 2 metric, the solution space of NP equations can be even larger. Q is fixed up to a u-independent function. The residual gauge transformation of the NU solution space is very well studied in [38] . It consists of the extended BMS 4 group and a complex rescaling (Weyl transformation) of the boundary 2 metric. Via a Weyl transformation, one can reorganize the flat solution space, such that both P and Q are u-independent. The residual gauge transformation of this case is supertranslation⋉Diff(S 2 ). This is the phase space discussed in [42] [43] [44] (see [45] for the relevance to soft graviton theorems).
Discussions
In this work we have derived the solution space of Newman-Penrose formalism with a cosmological constant. The residual gauge transformation that preserves the solution space is also worked out. The solution space has a well-defined flat limit. The residual gauge transformation of the resulting solution space consists of supertranslation⋉Diff(S 2 ) and this phase space should have certain relevance to soft graviton theorems according to recent discovered equivalence between soft theorems and asymptotic symmetries [46] .
There are several interesting questions on the solution space with a cosmological constant that needs to be addressed in the future.
• The characteristic initial value problem: In the case Λ = 0, by giving the news function σ 0 and conformal factor P at any time u; Ψ 0 1 , Ψ 0 2 + Ψ 0 2 , and Ψ 0 (the entire series) at the initial time u 0 , a full solution of NP equations is completely determined. According to (11) , the time evolution equations of Weyl tensors are mixed due to the appearance of the cosmological constant. Hence, the initial data that determines a solution is not yet fully understood.
• Newman-Penrose conserved quantities: In [47] , an infinite number of gravitationallyconserved quantities was discovered from the NU solution space. Once the characteristic initial value problem is solved in the case with a cosmological constant, gravitationally-conserved quantities should be constructed as well.
• Bondi mass and mass-loss: The analogue of Bondi mass aspect and the mass-loss formula respect to the solution space need to be stressed elsewhere. A second relevant (generalized) problem is to study the full current algebra of the asymptotic symmetries group [48] .
• Polyhomogeneous series: Expansion with logarithms can be applied to derive a larger solution space. Correspondingly one should apply the following asymptotic behavior Ψ 0 = Ψ 0 0 r 5 +o(r −5 ) rather than Ψ 0 = Ψ 0 0 r 5 +O(r −6 ) in the present treatment.
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A NP equations

Radial equations
Bianchi identities 
B Useful relations in Newman-Penrose formalism
From the orthogonality conditions and normalization conditions of the basis vectors, one can obtain the following relations l ν ∇ ν l µ = (ǫ +ǭ)l µ − κm µ −κm µ , n ν ∇ ν l µ = (γ +γ)l µ − τm µ −τ m µ , m ν ∇ ν l µ = (β +ᾱ)l µ − σm µ −ρm µ , m ν ∇ ν l µ = (α +β)l µ − ρm µ −σm µ ,
l ν ∇ ν n µ = −(ǫ +ǭ)n µ +πm µ + πm µ , n ν ∇ ν n µ = −(γ +γ)n µ +νm µ + νm µ , m ν ∇ ν n µ = −(β +ᾱ)n µ +λm µ + µm µ , m ν ∇ ν n µ = −(α +β)n µ +μm µ + λm µ , 
